Abstract Dynamical stabilization of an inverted pendulum through vertical movement of the pivot is a well-known counter intuitive phenomenon in classical mechanics. This system is also known as Kapitza pendulum and the stability can be explained with the aid of effective potential. We explore the effect of many body interaction for such a system. Our numerical analysis shows that interaction between pendula generally degrades the dynamical stability of each pendulum. This effect is more pronounced in nearest neighbour coupling than all-to-all coupling and stability improves with the increase of the system size. We report development of beats and clustering in network of coupled pendula.
Introduction
An ordinary rigid planar pendulum with a fixed suspension point has only one stable configuration, the bob hanging below the suspension point. However, if a vertical periodic force is applied at the suspension point, the system becomes stable in the vertical position also, provided the amplitude and the frequency are kept within certain intervals. This is an example of dynamic stabilization and has several applications in the field of atomic physics [1, 2] , plasma physics [3] and cybernetics [4] . This unusual and counterintuitive phenomenon was first experimentally observed by Stephenson [5] and theoretically explained by P. Kapitza [6] . The system is also known as Kapitza pendulum. There exists a large volume of literature in this field, both experimental and theoretical [7, 8, 9, 10, 11, 12, 13] . The potential function is time dependent which leads to dynamic stabilization.
What happens when such systems interact with each other? What is the effect of coupling in such a system with spatio-temporal potential? Of late, the understanding of periodically driven systems has become one of the most active areas of research in many body physics. In the context of spatiotemporal chaos, coupled Kapitza pendulum in a dissipative environment has been investigated in [15] . Ref. [16] addresses the issue of synchronization in a coupled Kapitza pendulum where the coupling is mechanically linear and geometrically nonlinear. Parametric oscillator in several contexts has been rigorously investigated in previous works [17, 18, 19, 20] .
In this work, we specifically address the effect on the stability range around the inverted position due to the presence of interaction between pendula. A recent work by Citro et al. [21] addressed this question in a network of pendula with nearest neighbour coupling. The coupled Kapitza pendula in the continuum limit is shown to take the form of a periodically-driven Sine-Gordon model. If interaction is introduced, the stabilization property changes which is characterised by the interaction strength. In recent times, the study of periodically driven many body systems has drawn attention due to the recent advancement in the field of ultra-cold atoms [22, 23, 24, 25] .
It is often assumed that a many-body system undergoing a cyclic process will reach infinite temperature as demanded by the second law of thermodynamics. But several research works have shown that periodic heating and cooling is possible in such a system [26, 27, 28] . Apperance of parametric resonance can explain this phenomenon by separating the absorbing and non-absorbing regimes. Such interactions have so far been considered only in a 1-D chain. Do the same result hold in a 2D lattice? What is the effect of system size(the number of interacting pendula)?
The effect of long range interaction has not been addressed in these works. Moreover, the effect of nearest neighbor coupling has been studied only in a 1D chain. We study the effect of all to all interaction in our present work and compare with the result of the 1D case. We have investigated the effect of the nearest neighbour interaction in a 2D network as well.
The dynamics of the particle system with all to all interaction i.e., long range interaction offers several unusual and new characteristics in comparison with systems with short-range or nearest neighbour interactions. The Kuramoto oscillator and the Hamiltonian mean field model are two iconic test-beds for such class of systems. This kind of long range interaction demands statistical treatment. The state of the art method to deal with this class of problems is the mean field theory (MFT), where all the interactions are considered to be of equal strength. Through the mean field treatment the complexity of the system reduces drastically. In this work, we use numerical simulations to study the coupled pendulum system with all to all interaction. Our attempt is to find the stability regime for the system and dynamics of the coupled system. We numerically obtain the maximum release angle beyond which the stabilization of the inverted state is not achievable.
We also obtain how this maximum release angle, which is a measure of the stability of the system, changes with the size of the system N and the type of coupling. We consider three different cases for the coupled system. Our study includes nearest neighbour interaction as well as all to all interaction. To observe the effect of dimension we investigate a 2D square network. Finite size effect, i.e., dependence of stability on the total number of pendula has also been discussed in this context. The paper is organized as follows. In Sec. 2 we briefly recall the single Kapitza pendulum and its stability condition. In Sec. 3 we consider many body interaction of different types. We present some concluding remarks in Sec. 4.
Single Kapitza pendulum
Here we briefly summarize the case of a single inverted pendulum where the pivot oscillates vertically with amplitude g 1 and frequency ω (Fig.1) . The Hamiltonian governing the system is
where p and φ are momentum and angular displacement of the pendulum respectively and g(t) = g 0 + g 1 cos ωt. When the vertical drive is absent i.e., g 1 = 0, there are two fixed points φ = 0 (stable) and φ = π (unstable). If g 1 = 0, the inverted position i.e., φ = π configuration can be stable if ω is very high compared to the natural frequency √ g 0 . In order to understand the stable configuration for this time dependent potential system an effective potential is required to be calculated which was for the first time obtained by Kapitza by separating the 'fast' and 'slow' variables and integrating out the 'fast' ones. The condition for stabilization of the inverted position turned out to be g
This concept of effective potential gave birth to a new branch of physics, named dynamical stabilization. The method to obtain the effective potential for such a system is perturbative and the result is approximate. One can obtain the exact trajectory only through numerical analysis.
From the effective potential, we obtain the shape of the potential well. It can be shown that if the driving frequency is fixed at some value and the amplitude of the drive is increased, the well becomes wider [29] . The maximum initial displacement for stabilization of the inverted pendulum quantifies the extent of dynamical stabilization for the system. We compute the maximum release angle beyond which the stabilization at the inverted position is lost for the system. This is a measure of the stability region around the inverted position of this system. Fig.2 (a) shows how the maximum initial angle changes as we change the parameter g 1 . This probes the width of the potential well for the system. Fig.2 (b) represents the stability regime as the frequency of the drive is changed. These two figures show that, in case of the single Kapitza pendulum, there exists a range of initial deviation from the vertical position for which the inverted position is stable, and that this range is maximum at specific values of g 1 and ω.
To compute the numerical solutions a 4 th order Runge Kutta method was employed, with time step 0.01 times the period of the drive ( 2π ω ). Now we explore how these ranges are affected when multiple Kapitza pendula interact with each other.
Many body Kapitza pendula
Now we study the stability of Kapitza pendula when more than one body is involved. We observe several departures from the single particle dynamics of this system. In this work, we explore three cases:
1. nearest neighbour (nn) interaction in a 1D pendulum chain, 2. 2D pendulum chain with nn interaction, and 3. coupled system with all-to-all interaction.
We assume uniform coupling in all these three cases. These three cases can be demonstrated in the form of three different lattice structures where each lattice point represents the bob of an inverted pendulum (Fig. 3) . For example, in the square lattice of Fig. 3(b) , each point is the pendulum bob and each one is connected to its nearest neighbour, i.e., every pendulum is connected to its four neighbour pendula.
To observe the effect of this interaction between the pendula we introduce a parameter Λ into the Hamiltonian, which is a measure of relative strength of the interaction between the pendula and the force acting on individual pendula.
Case 1: 1D chain with nearest neighbour (nn) interaction
We consider a system of N coupled identical Kapitza pendula, N being large. Following Ref. [21] the system can be cast into the following Hamiltonian
The energy scale Λ determines the relative importance of the coupling between the pendula and the potential energy of individual pendulum. The coupling is restricted to the nearest neighbours only. We assume periodic boundary condition. The system equations arė
The numerical results are presented in Fig. 4 . Fig. 4(a) shows the maximum initial angle versus g 1 curves. As we increase the value of Λ the height of the curve decreases implying decrement of stability range. As the interaction between the nearest neighbours increases gradually, stabilization is disturbed. In the simulation, each pendulum is started from slightly different initial conditions. The initial angular position(φ) of each pendulum is taken to be π +0.001 with some random deviation(O(10 −3 )) for each pendulum. Fig. 4(b) shows the curves for maximum initial angle versus the driving frequency. It exhibits a similar nature of the shape of the curves. It shows that the system is stable only over a range of ω ∼ [4, 7] and that the stability margin degrades with increase of the coupling strength Λ. Fig. 4(c) shows the effect of the size of the system. We have studied cases for N = 20, 50, 100, 200, 500. It shows that the stability reduces with increase in Λ, and that this result does not significantly depend on the system size N . Now we explore the coupled behaviour in the system. The time series for this system is shown in Fig.5 . It shows that for low values of Λ (e.g., Λ = 0.001), each pendulum oscillates (stable mode) around the inverted position. This behavior is lost when Λ is increased to around 0.5. Most of the pendula lose stability (go into rotating motion). We show the fraction of pendula going into rotational motion as we increase the interaction Λ in Fig. 6 . We find that for different system size, the rotational motion starts when Λ ≈ 0.3. Each point in the plot is averged value of 20 different initial conditions for each pendulum.
Case 2: 2D square network of Kapitza pendula with nearest neighbour coupling
In order to understand the effect of dimension we investigate the case of a 2D square network with nn coupling. Following the same procedure as in the 1D case, we construct the Hamiltonian for this case which can be written as
where i, j represent indices in x and y directions and k = i ± 1, l = j ± 1.
Here the interaction is with the nearest neighbours only, i.e., each pendulum is connected to its four nearest neighbours. The numerical results for this system are shown in Fig.7 . Fig.7(a) shows the maximum release angle versus g 1 curves. As we increase the value of Λ the height of the curve decreases, implying decrement of stability range. However, the rate of decrement is higher compared to the 1D case. Fig. 7(b Fig. 9 Fraction of rotating pendulum for 2D square network. For very small value of Λ pendulum shows oscillation around the inverted position. As Λ increases some fraction of pendula starts rotating motion. All pendulum starts rotating once the threshold value of Λ is passed.
the curves for maximum initial angle versus the driving frequency. Fig. 7(c) shows the effect of the size of the system. We studied the cases for N = 4 × 4, 7 × 7, 10 × 10, 14 × 14 square lattices. It shows that the stability reduces with increase in Λ and the system is insensitive to the system size N . Now we explore the coupled behaviour in the system. The time series is shown in Fig. 8 . It shows that for small magnitude of Λ all pendula oscillate around the inverted position. This behavior is lost when Λ is increased. For Λ = 0.15, some of the pendula oscillate, whereas, rest of them start rotating as shown in Fig.8(b) . As Λ is further increased, stability is lost and most of the pendula also go into rotating motion. In Fig. 9 , we show how the fraction of total pendula exhibits oscillation and rotation for different values of Λ. For very small values, only oscillatory motion around the inverted position is observed. For higher values, all pendula start rotation. There is a range between these two kind of motion where both oscillatory and rotational motion is observed in the system. This is analogous to "chimera state", simultaneous presence of synchronous(frequency locked) and asynchrounous (rotational motion with no synchrony among the pendula) state in the system.
Case 3 : Pendulum chain with all-to-all interaction
In this section we consider many body Kapitza pendulum with all to all interaction. The Hamiltonian governing the dynamics is
and equations of motion arė
The interaction term is scaled by the total number of pendula N to make it thermodynamically stable. Applying mean field theory we can define an order parameter for such a system with long range interaction [30] . The order parameter for the system is of the form
where r and φ represent the modulus and the phase of the order parameter and r i = (cos φ i , sin φ i ). Now the potential can be rewritten as a sum of single particle potentials Fig.10(a) shows the maximum release angle versus g 1 curves for this system. With the increase of Λ, the height of the curve decreases which implies the decrement of the stability range. Compared to the 1D and 2D case, the rate of decrement is least for this all-to-all coupling. Fig. 10(b) shows the curves for maximum initial angle versus the driving frequency. To observe the effect of system size we studied the cases for N = 20, 50, 100, 200, 500. Fig. 10(c) shows that for a fixed value of Λ the stability increases as we increase the size of the system. We show the time series in Fig. 11 for Λ = 0.001 and Λ = 0.5. Unlike 1D and 2D case, we observe only oscillation around the inverted position in this range of Λ; we do not see any rotation in all-to-all coupling. However, in this case, beat appears in the system. At low values of Λ clustering is not apparent. But careful examination reveals that the beats observed in the individual pendula are not the same. A few examples of different beat patterns are shown in Fig. 12 . A few pendula form groups that follow the same envelop of the beat pattern.
We consider N = 50 and catagorise the pendula into group according to the envelop they belong to. List of pendula and their corresponding group is presented in Table 1 , 2, 3 and 4. As soon as Λ increases pendula start to form clusters. Some of them remain unclustered. In the clustered group, some pendula may have some phase difference. However, as we increase Λ, the phase difference vanishes and pendula are in complete synchrony with each other for a specific envelop.
Our intention was to show that clustering exists. However, which specific pendulum will belong to which cluster may vary from simulation to simulation depending on the choice of (random) initial conditions. But the number of pendula in a group remains more or less same. 
Conclusions
In this paper we have considered systems of coupled Kapitza pendula in three different network structures. We have studied the effects of the coupling between pendula (embodied in the coupling parameter Λ in our formulation), the network dimension (D), and the system size (N ) on the stability of the system. Increase in the coupling parameter Λ is found to reduce the stability margins. The effect of Λ is significant in 1D lattice but becomes very pronounced in 2D lattice with nn coupling. The effect, however, reduces for all-to-all coupling. The system size, i.e., the number of coupled pendula N , also plays an important role. For the all-to-all coupled system, an increase in system size drastically improves the stability of the system. But the nearest neighbour coupled lattice is relatively insensitive to the system size.
We have also explored the collective behaviour in these three networks for Λ ∼ [0.01, 1.0]. As we increase the value of Λ, rotational motion appears in nn coupled 1D and 2D networks. However, we do not see any such rotation in the all-to-all coupling but in this case beat appears in the system. Careful study of the beating in the all-to all case, reveals the appearance of several shapes of envelop. Once the individual time-series are catagorised into different groups corresponding to the different shapes of the envelops, clustering becomes evident.
